We consider the Hamiltonian and Lagrangian formalism describing free { relativistic particles with their four-momenta constrained to the {deformed mass shell. We study the modications of the formalism which follow from the introduction of space coordinates with nonvanishing Poisson brackets and from the redenitions of the energy operator. The quantum mechanics of free {relativistic particles and of the free {relativistic oscillator is also presented. It is shown that the {relativistic oscillator describes a quantum statistical ensemble with nite Hagedorn temperature. The relation to a {deformed Schr odinger quantum mechanics in which the time derivative is replaced by a nite dierence derivative i s also discussed.
Introduction
Recently, many proposals were presented showing how to apply the ideas of quantum deformations [1] [2] [3] to the D = 4 P oincar e algebra [4] [5] [6] [7] [8] [9] [10] as well as the D = 4 P oincar e group [11] [12] [13] [14] [15] [16] . The -deformation of the D = 4 P oincar e algebra, rst proposed in [4, 8] , leads to the modication of relativistic symmetries with the three-dimensional E(3) subalgebra unchanged. The deformation parameter describes the fundamental mass in the theory and the limit ! 1 corresponds to the undeformed case.
As a consequence of the -deformation the mass shell condition is changed as follows (p (1:1)
The {deformed mass-shell condition leads to the following modication of the Hamiltonian of free {relativistic particles: In the {deformed Poincar e algebra, which w e describe in section 2, the fourmomenta commute and we can introduce the space-time dependence by the standard Fourier transforms of the four-momenta functions. In such a w a y w e can choose the {relativistic classical mechanics to be formulated in terms of space coordinates satisfying standard relativistic Poisson brackets: fx ; p g=i ; diag = ( 1 ; 1 ; 1 ; 1):
The form of the Hamilton equations of motion remains also unchanged i.e. we h a v e _ x i = @H @p i ; _ p i = @H @x i : (1:4) In such an approach the only change due to the {deformation is the explicit form of the Hamiltonian (see (1.2) for the free case).
In section 3 we present the Hamiltonian and Lagrangian formalism for both the massive and massless free {relativistic particles described by the Hamiltonian H 0 . As is known [17, 18, 10] , however, the velocity decreases with the increase of energy at large energies (E m) i n s u c h a model.
To eliminate the velocity decrease with the increase of energy we present i n section 4 two possible remedies:
i) The introduction of space coordinates with nonvanishing Poisson brackets.
We consider massive spinless systems and we i n troduce the three space coordinates x i as the functions of the -deformed Poincar e algebra generators. The standard choice, with space variables satisfying (1.3) (for ; = 1 ; 2 ; 3) was found by Bacry [18, 10] . Recently Maggiore [19] proposed other functions of the -Poincar e generators which e v en for a spinless system describe space coordinates with nonvanishing Poisson brackets. It appears that such a proposal ts nicely into the schemes in which the symplectic tensor determining the Hamilton equations is not canonical.
ii) The denition of the physical energyP 0 of the {deformed system bỹ P 0 = 2 sinh P 0 2 : (1:5) In this case the {deformation does not aect the mass-shell condition but modies the classical additivity of the energy. At the end of section 4 we show h o w these two modications are related.
In section 5 we describe the Schr odinger equation with the hamiltonian H which w e shall call the {relativistic Schr odinger equation. We consider two examples: a free {relativistic particle and a free {relativistic harmonic oscillator. For the {relativistic oscillator we calculate its partition function and show that the quanta of free {oscillators exist as a statistical ensemble only below a critical temperature T c which is usually called the Hagedorn temperature [20, 21] . We also show that the quantum {relativistic systems can be described by the Schr odinger equation in which the time derivative is replaced by a nite dierence time derivative. We call this equation the {deformed Schr odinger equation.
In this paper we do not take i n to consideration the nontrivial coproduct structure of the four-momenta generators of the {deformed quantum Poincar e algebra, which is a Hopf algebra. The noncommuting space-time coordinates can, however, be introduced as the generators of the quantum {Poincar e group dual to the {deformed Poincar e algebra [14, 15] . Because the quantum Poincar e group translationsx describing space coordinates are dual to the noncocommutative four-momenta they must be noncommuting and satisfy the algebra [14, 15, 22] :
(1:6)
In the last section of this paper we indicate what emerges if we consider the full Hopf algebra structure of the {deformed Poincar e algebra. We believe that such an approach i s v ery promising but, at present, we are only able to mention some aspects of a formulation with noncommutative space coordinates as well as nonadditive four-momenta.
{deformed quantum Poincar e algebra
First we recall here the basic formulae describing the quantum deformation of the D = 4 P oincar e algebra with a fundamental mass-like parameter [4, [7] [8] [9] [10] . The quantum deformations are described by a noncocommutative Hopf algebra with its algebra and coalgebra sectors and with the notions of antipodes and a counit [1] [2] [3] . The -deformation of the Poincar e algebra is given by the formulae (with -real mass-like parameter -see [8] ): a) algebra sector
2 ) M i (P 0 ) = P 0 I + I P 0 (2:2) c) a n tipodes S(M i ) = M i ; S ( P ) = P ; S ( N i ) = N i + 3 i 2 P i : (2: 3)
The bilinear mass square Casimir of the Poincar e algebra is deformed as follows
where the eigenvalue C 1 = M 2 , determines the -relativistic rest mass (compare with (1.1)).
The -Poincar e algebra can be realised by v ector elds on a commuting fourmomentum space. The realisation on scalar elds (p ) can be written as follows: 
The advantage of the formula (2.8) stems from the fact that it reproduces the conventional position operator for relativistic theories [23] X M i = 1 Furthermore, we nd (see also [24] ) that The freedom of dening the energy operator has recently been pointed out in [10, 25] . It appears that for the choice (2.12) of the energy variable one obtains the conventional mass-shell condition and the usual formula for the energy, namely,
(2:17)
The relation (2.12) between P 0 andP 0 remains also valid if we consider the energy of a composite system. Using the respective coproduct formulae we obtain (! i = In the next section we describe the free {relativistic particles using the P 0 picture with the conventional {Poincar e algebra (2.1-3), additive energy and commuting space coordinates. The case of noncommuting coordinates as well as of the {deformed theory with the choice (2.16) of the undeformed mass-shell condition will be considered in section 4.
{relativistic classical mechanics -the case with commuting space coordinates
In this section we consider standard Hamiltonian mechanics with the Hamiltonian dened by the {relativistic mass shell condition (see (1.2) and (2.4)).
a) Hamiltonian formalism 
) v i : (3:6) ii) Then as
we see that the Lagrangian is obtained by comparing (3.6) and (3. To Thus we see that L has a conventional nonrelativistic limit, with the mass renormalised by a function f(), where = M 2 . The Lagrangian for a particle in the {relativistic regime is somewhat unconventional and, clearly, deserves further study.
4. {relativistic classical mechanics: {deformation of the standard symplectic structure
The formalism of quantum -Poincar e algebra naturally introduces the fourmomentum variables. In order to have the complete {deformed kinematical scheme we h a v e to supplement the momenta operators with the position operators X . The algebra consisting of the generators (P ; M ; X ) will be called the {deformed relativistic kinematic algebra. Such an algebra describes the kinematics of {relativistic theories. If we restrict our interest to three-dimensional theories the corresponding algebra will be formed out of the generators (P i ; M ij ; P 0 ; X i ), with P 0 (the energy operator) commuting with all other generators. Such an algebra will be called the three-dimensional kinematic algebra.
The formulae (2.5) show that in the spinless case (P M = 0 ) w e can embed the {deformed relativistic kinematic algebra in the enveloping algebra of the Heisenberg algebra with commuting coordinates. On the other hand the formulae (2.7) and (2.9) show that the generators X i can be expressed in terms of {Poincar e generators, i.e. the three-dimensional kinematic algebra can be embedded into U (P 4 ).
There exists a freedom in the denition of the position variables in the kinematic algebra. This freedom, on the classical level, comes from the possibility o f modifying of the canonical commutation relations (1.1) (for ; = 1 ; 2 ; 3) by introducing a nonstandard symplectic structure. In fact, the Hamiltonian formalism is determined uniquely if we specify a) the and corresponds, after quantisation of the Poisson brackets, to the choice of the position operator proposed in [19] .
ii) W e can put a = M We note that this case is not very physical as we cannot take the limit ! 1 . In this case, after quantisation, the operators x i are non-commuting and can be treated as describing generalised translations in the curved three-dimensional momentum space S 2 with the radius given by 1 2 . W e see that the nonrelativistic momentum space becomes compactied and one can expect that the {deformation will regularise the divergences of the corresponding quantum eld theory. T h us, in this case, the eects of the -modication of the Hamiltonian and of the symplectic structure do compensate each other and we obtain the standard velocity formula (4.13).
Let us add that the relation (4.12) can be derived also by the generalisation of the formulae (2.7) and (2. and consider the spinless realisations (PM = 0 in (2.1)).
Finally, let us discuss the freedom in the denition of the {deformed energy operator. We assume that the time translations are generated by the generatorP 0 (see (2.11)) with the nontrivial coproduct (2.14). Then the equation _ Xi= [ X i ; P 0 ] implies, for the commuting coordinates, the relation _ X B i = P ĩ P 0 : (4:18)
But when we use P i andP 0 as our variables the standard mass-shell relation (2.15) holds and we see that we recover the conventional Einstein velocity formula. In this case the {deformation is visible only in the modication of the addition law of energies of independent subsystems.
5. {relativistic quantum mechanics a) F ree {relativistic particles. The {deformed Schr odinger quantum mechanics of free {relativistic particles is described by a conventional scheme with the Hamiltonian modied according to the substitution (1.2). Thus we h a v e i @ @t (x; t ) = H 0 ( 1 ĩ r ) ( x ; t ) ; The {deformation modies the energy eigenvalues of the stationary states as follows:
E ! E = 2 arc sinh E 
From the formal power series expansion we nd that 2 arc sinh(iD t 1 2 ) = i@ t (5:7)
and so we see that for any time-independent Hamiltonian H the equations (5.1) and (5.5) are equivalent provided that H = 2 arc sinh H 2 : (5:8)
As the substitution (5.8) is dictated by the {relativistic mass-shell formula (1.2) we call the systems in which this substitution (5.8) has been made the {relativistic ones.
b) F ree {relativistic oscillator.
The {deformed harmonic oscillator is obtained by putting H = We see that for large n the spectrum of H grows as l n n . Assuming that for large distances the harmonic potential energy is more important ( p This result is consistent with the calculations for the three-dimensional oscillator with asymptotic logarithmic potential, which provides the asymptotic logarithmic energy spectrum (see e.g.
[26]).
Given the {deformed spectrum (5. Introducing the Riemann Zeta function [27] (z;q) = we see that the three quantites in (5.18-20) are all divergent a t T = T c . W e see that the modes of the free {relativistic oscillators can exist only as a statistical ensemble in two completely separate phases: T < T c (the physical region) and T > T c (the unphysical one).
c) The {deformed quantum mechanics.
The two equivalent formulae (5.1) and (5.8) can be also applied to more general Hamiltonians, namely H = H 0 + V with an arbitrary potential V . W e see, therefore, that the {relativistic Schr odinger quantum mechanics can be cast in two equivalent forms: a) as a conventional quantum mechanics with the modied {deformed Hamiltonian (5.10) ({relativistic form).
b) as a quantum mechanics with a standard Hamiltonian and an imaginary nite time dierence derivative (see (5.7-8)) ({deformed form).
The replacement (5.6) resembles the introduction of the nite dierence Schr odinger equation on the time lattice. We w ould like to point out, however, two important distinctions:
i The nite time shift is in the purely imaginary direction. The equation (5.5) with real time shift was introduced many y ears ago by Calderola [28] and developed by Montaldi, Janussis and others (see e.g. [29, 30] ). In our scheme the purely imaginary replacement comes from the requirement that the {deformed Poincar e algebra is a real Hopf algebra. It appears that the choice of an imaginary time interval in (5.6) is more suitable from a physical point of view. One can show that {relativistic particles with sinh ii We h a v e k ept a continuous time coordinate; only the evolution in time is expressed by the nite-dierence time derivative (5.6).
In classical mechanics the formulations with the {relativistic Hamiltonian and with the replacement (5.6) of the time derivatives describe, in general, two dierent deformations; the equivalence holds only for the case of generalised harmonic oscil-lators (i.e. systems with Hamiltonians described by nondegenerate bilinear forms in phase space). In sections 3 and 4 we h a v e described only one variant of a deformed classical mechanics corresponding to the free {modied Hamiltonian (1.2). The {deformation of a general classical mechanics with time derivatives replaced according to (5.6) requires a careful analysis of the problems of associativity (Jacobi identities) and of the diculties with obtaining conserved quantities (in particular energy). The deformed Poisson brackets with nite dierence derivatives will be the subject of a separate publication [31] .
Conclusions and outlook
In this paper we h a v e considered dierent w a ys of describing free {relativistic particles. In the classical case we h a v e found two possibilities: i) I f w e insist that the energy is additive w e can have either commuting space coordinates and a strange velocity formulae (velocity going to zero at innite energy) or noncommuting coordinates and the standard Einstein velocity formula.
ii) I f w e are prepared to accept a nonlinear addition law for the energy, i.e. use formulae (2.13) describing our {Poincar e algebra, then we can have the commuting space coordinates as well as the standard Einstein velocity formula.
Let us add, however, that in this paper we h a v e not used in any w a y the noncocommutative coproduct for the three-momenta, which can be interpreted as the following addition law The nonstandard coproducts of the four-momentum generators imply the noncommutativity of the generatorsx i ;x 0 of the dual quantum Poincar e group described by the relations (1.6). In consequence, the commutativity of the four-momentum generators imply that the coproduct of the quantum space translation generatorŝ x is classical (x ) = x 1 + 1 x ; (6:2) or, equivalently, w e obtain the classical addition formula for the eigenvalues ofx : The duality relation between the {deformed Hopf algebra of the fourmomentum generators (commutative-noncocommutative) H p and the Hopf algebra of the quantum four-translations (noncommutative-cocommutative) H x implies the modication of the classical Fourier transform relating momentum and coordinate spaces. With a quantum double H p H x we can dene on it two {deformed exponential functions (called T matrix in [32] ; see also [22, 33] It is clear that the quantum space picture consistent with the Hopf algebra structure of the {deformed Poincar e algebra should be obtained by performing the {deformed Fourier transforms from the commuting four-momentum space to the noncommuting space coordinates (1.6) using the transformation kernels satisfying (6.4) . At present it is not clear to the authors how the noncommuting space coordinates x and non-additive four-momenta variables p can be incorporated into consistent {deformed schemes of classical and quantum mechanics. 
